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Abstract 

We prove simultaneous universal Fade approximation for several 
universal Fade approximants of several types. Our results are generic 
in the space of holomorphic functions, in the space of formal power 
series as well as in a subspace of A°°. These results are valid for one 
center of expansion or for several centers as well. 
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1 Introduction 

Let O C C be a simply connected domain, ( & and fi be an inhnite subset 
of N. A holomorphic function / G H{Q) is called universal Taylor series 
if for every compact set K O C \ Q with connected complement and for 
every funcion h G A(iL), there exists a sequence (An)neN ^ h satisfying the 
following: 

(i) sup^g^ \S\MX){z) - h{z)\ ^ 0 as n ^ +cx). 

(ii) sup^gj |S'a„(/, C)(2:) — f{z)\ ^ 0 as n —>■ +oo for every compact set 

j cn. 

Here SN{fX){z) = ~ 0^ is the Taylor expansion of the 

function / centered at C ^ A2. This is a generic property of holomorphic 
functions ([13) [E]) [II])- 

* Dedicated to Professor C. Gryllakis for his 60*^ birthday. 
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Recently, the partial sums have been replaced by some rational functions, 
the Fade approximants of /. 

Let f{z) = '^n=o^'n{z — C)” be a formal power series with center C ^ ^ 
and p, g 6 N. Then the (p, q) - Fade approximant of / with center G is a 
rational function [f'-,p/q](;{z) = where the polynomials A and B satisfy 
deg A < p, degB < q, B{() = 1 and the Taylor expansion of the function 
i>n{z — CY satishes an = bn for every n < p + g. Such a rational 
function may exists or not, but if it exists it is unique. Furhtermore, when 
the function [/;p/g](j exists and the polynomials A and B are unique, we 
write / G Dp^q{(). There are two types of universal Fade approximants. 

Type I ([D, [5]) Let {pn)nm, {Qn)nm e N with p„ -)■ +cx), C C be 
a simply connected domain and C ^ be a fixed point. A holomorphic 
function / G H{Q) with Taylor expansion f{z) = ~ O"" bas 

universal Fade approximants of Type I if for every compact set K <C\Q 
with connected complement and for every function h G A{K), there exists a 
subsequence {pk„)neN of the sequence (pn)neN satisfying the following: 

(i) / e Dpkn,<}kAO for every n G N. 

(ii) sup^g^ |[/;pfc„/gfcJc(^) - h{z)\ ^ 0 as n ^ +cx). 

(hi) sup^gj |[/;pfc„/gfc„]c(2;) - f{z)\ -)■ 0 as n -)■ +cx), for every compact set 

j cn. 

Here the uniform convergences are meant with respect to the usual Eu¬ 
clidean distance in C. The set of universal Fade approximants of Type I is 
a dense and Gs subset of where the space H{fl) is endowed with the 

topology of uniform convergence on compacta. If g„ = 0, then this class of 
functions coincides with the class of universal Taylor series. 

Type II ([I6]) Let (pn)neN, (gn)neN ^ M with Pn,qn -t +oo, C C be 
a domain and G be a hxed point. A holomorphic function / G H{fl) 

with Taylor expansion f{z) = ~ has universal Fade ap¬ 

proximants of Type II if for every compact set K O C\Q with connected 
complement and for every rational function h, there exist two subsequence 
{PkJneN and {qkJneN of the sequences (pn)neN and (gn)neN respectively sat¬ 
isfying the following: 

(i) / e for every n G N. 

(ii) sup^^Kxi[f',Pkn/qkJ(:{z),h{z)) -)■ 0 as n -)■ -Fcx). The metric y is the 
well - known distance dehned on C U {cxd}. 
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(iii) sup^gj \ [f',Pkr,/(lk„]c{^) ~ f{^)\ —)■ 0 as n —)■ +oo for every compact set 

j cn. 

The set of such functions is dense and Gs subset of where the space 

H{Q) is endowed with the topology of uniform convergence on compacta. 

The universal Fade approximants of Type I may be combined with univer¬ 
sal Taylor series to yield simultaneous universal Fade - Taylor approximation 
with the same indexes pk„ (0. [To]). Generally speaking, for any hnite set 
of universal Fade approximants of Type I with the same sequence (pn)neN 
we can prove simultaneous universal Fade approximations with the same 
subsequence (pfc„)neN- In fact, we prove the following stronger theorem. 

Theorem 1.1. Let (pn)neN ^ hJ with -|-oo. For every n G N, let 

j^Nin) ^ where N{n) G N. Let G C C be a simply connected 

domain and C G G be a hxed point. Then there exists a holomorphic function 
/ G H{Q) with Taylor expansion f{z) = ~ 0"" ^nch that for 

every compact set iL C C \ G with connected complement and for every 
function h G A{K), there exists a subsequence {pk„)neN of the sequence 
{Pn)neN satisfying the following: 

(i) f ^ D (fcn)(C) for every j G {1, • • • , N{kn)} and for every n eN. 

Pk„ 

(ii) snp,^K\[f]Pk^/qi\ll)]c{z) - h{z)\ ^ 0 as n ^ +cx) for every selection 
cr : N —>■ N satisfying a{kn) G {1, • • • , N{kn)}- 

(iii) sup^gj - f{z)\ ^ 0 as n ^ +cx) for every compact 

set J C G and for every selection a : N —)■ M satisfying a{kn) G 

{I,-- - ,iV(fc„)}. 

Moreover, the set of all such functions is dense and Gs in H{Q), where 
the space H{Q) is endowed with the topology of uniform convergence on 
compacta. 

Furthermore we obtain a similar result where we have one Qn and hnite 
many p^^\ ■ • • G N satisfying min{p^"\ • • • -t +oo. See Theo¬ 

rem o below. 

These results are contained in section 3. In section 4 we prove the ana¬ 
logue results of Type IF We mention that we can obtain similar results for all 
centers of expansion simultaneously to be generic on a subspace of 74°°(f2) as 
well as of Seleznev type in the space of all formal power series. In section 5 
we modify the known construction of universal Taylor series and we conclude 
that the class A of all functions satisfying Theorem II.II contains a dense and 
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affine supspace of H{Q). Further, we prove algebraic genericity for a class of 
functions slightly larger than the class A. The difference is that instead of 
{i) of Theorem o we demand only that the functions exist. 

Finally section 2 contains some preliminaries for Fade approximants and 
the chordal distance. 


2 Preliminaries 

Definition 2.1. Let ( E C and / a formal power series with center (: 

H-OO 

k=0 

Now, for every p, q E N we consider a function of the form: 

l/;p/9kW = ^ 

where the functions A{z) and B{z) are polynomials such that deg{A{z)) < 
p, deg{B{z)) < q, B{C.) = 1 and also the Taylor expansion of the function 
[/;p/'?]c(^) = Yl,k=Q^k{z — CY (with center C ^ C) satisfies: 

Ofc = bk for every k = 0, ■ ■ ■ p + q. 

If such a rational function exists, it is called the {p, q) - Fade approximant 
of /. Very often the power series / is the Taylor development of a holomorphic 
function with center C; a point in its domain of definition. 

Remark 2.2. According to Definition HTT] we obtain that for g = 0 the (p, 0) 
- Fade approximant of / exists trivially for every p E N, since: 

[/;f/o]c(^) = 

k=0 


for every z E C. 

Remark 2.3. For g > 1 Definition 12.11 does not necessarily implies the 
existence of Fade approximants. However, if a Fade approximant exists then 
it is unique as a rational funtion. It is known ([1]) that a necessary and 
sufficient condition for the existence and uniqueness of the polynomials A{z) 
and B{z) above is that the following g x g Hankel determinant: 
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Dp, gif, C) = det 


^p—q-\-l ^p—q-\-2 ‘ ‘ * ^p 

^p—q+2 ^p—q-\-3 * ‘ ‘ ^p+1 


Gp Ctp-\-l * ‘ ■ ^p+g+1 

is not equal to 0, i.e. Dp,gif, () 7 ^ 0. In the previous determinant we 
set Ofc = 0 for every k < 0. In addition, if Dp gif, Q 7 ^ 0 we also write 

/ 6 C,,,(C). 

In this case, the (p, q) - Fade approximant of / (with center G C) is 
given by the following formula: 




Aif,C)iz) 

Bif,C)iz) 


where 


= det 


and 


with 



AifX)iz) = 


0'^Sp.gif,0iz) 

iZ-C)<^-^Sp.g+,if,C)iz) • 

•• Spif,0iz) 

^p—q-\-l 

ttp-g+2 

Clp -\-1 

dp 

^p+l 




(■- - 0" 

1 

1 

-1 ... 1 

Dif,C)iz) = det 

^p—q+1 

^p-q+2 

^p+i 


dp 

dp^i 

Clp-\-g 

SkifX)iz) = 

lEto'** 

[z-O^ 

ii k > 0 

A k < 0 


The previous relations are called Jacobi formulas. Also, in this case, 
we notice that the polynomials Aif,()iz) and Bif,()iz) do not have any 
common zeros in C provided that / G Dp,gi(). 


We will also make use of the following proposition. 

Proposition 2.4. ([T]) Let /(z) = be a rational function where the 
functions Aiz) and Biz) are polynomials with degiAiz)) = po and degiBiz)) 
= go- In addition, suppose that Aiz) and Biz) do not have any common zero 
in C. Then for every ^ G C such that 5(C) 7 ^ 0 we have: 
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(i) 

(ii) / G Dp^q^iC) for every p > po. 

(iii) / e Dpq^giC) for every q > q^. 

Moreover, for every (p, g) G N x N with p > Po and q > qo we have: 


/ i D,,,(C)- 


In all cases above we obtain that f{z) = [f;p/q]^{z). 

In some of the following resnlts we make nse of the chordal metric y, a 
metric dehned on C U {cxo}. This is a well - known metric, given by the 
following relations: 

For every a, 6 G C U {cxo}, it holds: 


X{a,b) 


k-b| 

\/l+a^-\/l+b^ 


vT+a? 

0 


if a, 6 G C 

if a G C and b = oo 

if a = 6 = oo 


We notice that for every a, 6 G C it holds y(a, b) < \a — b\. In addition, 
X(a, b) = y(i, i) for every a, 6 G C U {cx)}. 

If C C is a set and a seqnence of fnnctions {fn}n>i ■ K C converges 
nniformly to a fnnction f : K ^ C with respect to the Euclidean metric | • |, 
so does with respect to y. Moreover, the metrics | ■ | and y are uniformly 
equivalent on every compact subset K of C. Thus, if {fn}n>i '■ E ^ K con¬ 
verges y - uniformly on E towards a function f : E ^ K, then automatically 
the convergence is also uniform with respect to | • |. 


3 Simultaneous approximation for Universal 
Fade approximants of Type I 

We will need the following well - known lemmas. 

Lemma 3.1. f [TT]. iig. ca) Let n be a domain in C. Then there exists a 
sequence {Km}m>i of compact subsets of C\r 2 with connected complements, 
such that for every compact set K ^ <C\Q with connected complement, there 
exists an index m G N satisfying K C Km- 

Lemma 3.2. (Existence of exhausting family; [19]) Let 12 be an open set in 
C. Then there exists a sequence {Lk}k>i of compact subsets of 12 such that: 
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(1) Lk C for every k eN. 

(ii) For every compact set L C there exists an index k E N such that 
L C Lfc. 

(iii) Every connected component of C \ contains at least one connected 
component of C \ 

We present now the main theorem of this section. 

Theorem 3.3. Let C C be a simply connected domain and L C be a 
compact set. We consider a sequence {pn)n>i ^ N with pn -E- +cxd. Now, 
for every n G N let q 2 ^\ • • • , E N, where N{n) is another natural 
number. Then there exists a function / G H{Q) satisfying the following: 

For every compact set K O C \ Q with connected complement and for 
every function h E A{K), there exists a subsequence {pk„)n>i of the sequence 
(Pn)n>i such that: 

{1) f E D (fcn)(C) for every ( E L, for every n E N and for every 

Pkn tlj 

(2) maxj=i^... ^N{kn) su-p^g^y sup^g^ - h{z)\ ^ 0 as n ^ 

+ CXD. 

(3) For every compact set J C it holds: 

max sup sup |[/;Pfc„/gf"^]c(^) “ f{z)\ -t 0 as n -)■ +cx). 

j=i,-,N{k„) zeJ 

Moreover, the set of all functions / satishng (1) — (3) is dense and Gs in 

H{n). 

Proof. Let {/*}*>! be an enumeration of polynomials with coefficients in 

Q + *Q- 

Now, for every i, s,n, k,m E N and for every j G {1, • • • N{n)} we consider 
the following sets: 

A{i,s,m,n,j) = {/ G H{Q) : f E for every ( eL 

and sup sup \[f-,Pn/q‘f'\{z) - fi{z)\ < 

CeL zeK^ s 

A{i, s, m, n) = {f E H{Vt) : / G for every C, E L 
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and for every j = 1, 2, • • • ,N{n) and also 


max sup sup \[f;Pn/q["^\{z) - fi{z)\ < -} = Pi A{i, s,m,n,j). 
j=l,-,N{n) zeKm S 


N{n) 


B{s, k,n,j) = {f e H{n) -.feD („)(() for every ( e L 


Pn,g- 

and sup sup |[/;Pn/gf^]c(^) - f(z)l < -}• 

(GL zGL^ ^ 

B{s, k,n) = {/ e H{n) : / G for every ( e L 

and for every j = 1, 2, • • • ,N{n) and also 


max sup sup \[f;Pn/q["^\{z) - f{z)\ < -} = Pi B{s,k,n,j). 

1 ... ATln\ Q I • 


N{n) 


j=l,-,N{n) zeLk 


i=i 


One can verify (mainly by using Mergelyan’s theorem) that if U is the set 
of all functions satisfying (1) — (3), then it holds: 

U = A{i, s,m,n) D B{s, k,n) = 

i,s,k,mGN nGN 

N{n) N{n) 

n un A{i,s,m,n,j) O 

i,s,k,mGN uGN j=l j=l 

Since H{Q) is a complete metric space, according to Baire’s theorem, it 
suffices to prove the following: 

Claim 3.4. For every i, s,n, k,m G M and for every j G {l,---iV(n)} the 
sets A{i, s,m,n, j) and B{s, k,n, j) are open in H{Q). 

Claim 3.5. For every i, s, k,m E N the set U {i, s, fc, m) = UneN 

B{s, k, n) = Mh s, rn, n, j) O B{s, k, n, j) is dense in H{n). 


3.1 A{i, s, m, n, j) and B{s, k,n, j) are open in H{Q,) 

The sets A{i, s, m, n,j) have been proven to be open in [TT] for = 0 and 
in [9] and [10] for > 1. The sets B{s, k, n,j) have been proven to be open 
in [7] for > 1 and in m for = 0. For complete proofs of the above 
facts we also refer to [TO] . 


3.2 Density of lA.{i^ s, k, m) 


In order to prove Claim 1331 we fix i, s, k,m & N and we want to prove that 
the set: 



N{n) 


N{n) 



is a dense subset of 

Let g G H{Q), L' C be a compact set and £ > 0. Our aim is to hnd 
a function u G s, k,m) such that supj,g^/ \u{z) — g{z)\ < e. There is no 
problem if we assume that e < -. According to Lemma 13.21 we are able to 
hnd an index Uq G N satisfying L U L' U C ■ 

Since and are disjoint compact sets with connected complements, 
the set LriQ U Km is also a compact set with connected complement. 
Consider now the following function: 



fi{z) if z e K, 

g{z) if z G 


The function w is well - dehned (because O Km = 0) and also w G 
A{Lno U Km)- We apply Mergelyan’s theorem and so we hnd a polynomial 
p such that supj;^^^uKm ~ Pi^)\ < |- assumption that pn —)■ +oo 

allows us to hnd an index pk^ G N such that pk„ > deg{p{z)). 

Let u{z) = p{z) + where d G C \ {0} and |d| < | •- 

It is immediate that the function -u is a polynomial with deg{u{z)) = pk„- 
We also notice that it holds sup^jg^^^ux^^ ~ 

In order to complete the proof we have to verify that u G U{i, s, k,m)-, 
we verify the following: 

(i) u G A(i, s, m, kmi) for j = 1, • • • , N{kn)- Since m is a polynomial with 
deg{u{z)) = pk^ we have that for every ^ G L it holds u G 
It follows that u E D („) (() for every j = 1, 2, • • • , N{kn). We also 

Pkn ) 9 ,' 


have: 


max 

j = ,N{kn) zGK, 



sup sup \[u{z) - fi{z)\ < 


1 




S 


because [u-,pn/= u{z) for every ( E L and for every j 
1, • • • , N{kn), according to Proposition 12.41 
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(ii) u G B{s, k, kn, j) for j = 1, • • • ,N{kn). Here we have only to verify 
that: 

max sup sup |['u;Pfc„/gf"^]c(^) - u{z)\ = 0 < -. 

j — l,---,N{kn) (^£L Z^L/^ S 

This also holds because [u]Pkr,/(lj^"'^]c{^) = u{z). 

Since u G H(z, s, m, u, j) fl i?(s, fc, u, j), it follows that u G 

U{i,s, k,m). Baire’s theorem yields the result. 

■ 

We present now two consequences of Theorem 13.31 

Theorem 3.6. Let H C C be a simply connected domain and ^ G H be a 
hxed point. We consider a sequence {pn)n>i ^ hi with pn +oo. Now, 
for every n G N let q^\ q^\ • • • , G M, where N{n) is another natural 
number. Then there exists a function f & H (H) satisfying the following: 

For every compact set K O C\Q with connected complement and for 
every function h G A{K), there exists a subsequence {pk„)n>i of the sequence 
{Pn)n>i such that: 

(1) / G D for every n G N and for every j G {1, • • • , iV(fc„)}. 

Pkn iHj 

(2) maxj=i^... ^7v(fc„) sup^g^ \[f',Pkr,/qf"\{z) - h{z)\ ^ 0 asn ^ +cx). 

(3) For every compact set J C hi it holds: 

max ^SMv\[f]Pk^lqf"\{z) - f{z)\ ^ 0 as n ^ +cx). 

i=l,-,V(fc„) ^gj 

Moreover, the set of all functions / satishng (1) — (3) is dense and Gs in 
Proof. We apply Theorem 13.31 for L = {^}. 


Theorem 3.7. Let H C C be a simply connected domain. We consider 
a sequence {pn)n>i ^ hi with pn — )■ +cx3. Now, for every n G N let 
■ ■ ■ 5 qN{n) ^ where N{n) is another natural number. Then there 

exists a function f G H (H) satisfying the following: 

For every compact set iF C C \ hi with connected complement and for 
every function h G A{K) there exists a subsequence (pfc„)n>i of the sequence 
{Pn)n>i such that: 
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(1) For every compact set L C there exists a. n{L) G N such that 

f ^ D (fen)(C) for every Q E L, for every n > n{L) (where n{L) is a 

Pkn iQj 

natural number depending on L) and for every j G {1, • • • , 

(2) maXj=i...^N{kr,)snp^^L^^PzeK\[f',Pk„/qf"\{z)-h{z)\ ^ 0 as n ^ +cx) 
for every compact set L Q. 

(3) maxj=i,...,^(fc„)sup^gisup^g^ |[/;Pfc„/gj''"^]^( 2 ;)-/(z)| ^ 0 as n ^ +cx) 
for every compact set L C ff. 


Moreover, the set of all functions / satishng (1) — (3) is dense and Gs in 

H{n). 

Proof. Let C be the set of all functions satisfying Theorem 13.71 We apply 
Theorem 13.31 for L = Lk (and that for every fc G N) and so we obtain a Gs 
- dense class in H{Q)] the class Ck- The reader is prompted to verify that 
C = r\k>iCk- The result follows from Baire’s theorem. 

■ 

We prove now a theorem analogue to Theorem 13.31 where the roles of p 
and q have been interchanged. 


Theorem 3.8. Let C C be a simply connected domain and L C be 
a compact set. We consider an arbitrary sequence {qn)n>i ^ N (may be 
bounded or unbounded). Now, for every n G N let ■ ■ ■ jP^ln) ^ 

where N{n) is another natural number, such that: 


min {p\‘ 

,N{n)} 


(n) 


(n) 

,P 2 L 


G) 1 1 

>Pw(n)} ^ +00 


as n —)■ +CXD. Then there exists a function / G H{Q) satisfying the 
following: 

For every compact set iF C C \ with connected complement and for 
every function h G A{K) there exists a subsequence (gfc„)n>i of the sequence 
{Qn)n>i such that: 


{1) f E D (k„) (C) for every ( E L, for every n G N and for every 

Pj >1kn 

(2) max^=i,...,7v(fc„)Sup^g^sup^g^ |[/;pf"V?fcn]c(^) “ ^(^)l ^ 0 as n ^ 

+ CXD. 
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(3) For every compact set J C it holds: 


max supsup |[/;pf"V?fcJc(^) “ /(^)l ^ 0 

j = l,-,N{kr,) Q(ZL Z&J 

as n —)■ +CX). 

Moreover, the set of all functions / satishng (1) — (3) is dense and Gs in 

H{n). 

Proof. Let {fi}i>i be an enumeration of polynomials with coefficients in 

Q + 

Now, for every i, s,n, k,m E N and for every j G {1, • • ■ N{n)} we consider 
the following sets: 

A{i,s,m,n,j) = {/ G H{Q) : f G for every ( eL 

and sup sup \[f]P^I''’/qn]c{z) - fi{z)\ < 

C6L zeK^ s 

A{i, s, m, n) = {/ G H{Vl) : / G for every ( E L 

and for every j = 1, 2, • • • ,N{n) and also 

^ Nin) 

max sup sup \[f]pf^/qn]<:{z) - Mz)\ < -} = Pi A{i, s,m,n,j). 

j=l,- ,N{n) S 

B{s, k,n,j) = {/ G H{n) : f E for every ( E L 

and sup sup |[/;pf V9n]<(^) - f{z)\ < -}• 

zGL^ ^ 


3= 


B{s, k,n) = {/ G H{n) : f E for every ( E L 

and for every j = 1, 2, • • • ,N{n) and also 

max sup sup \[f]pf^/qn]<:{z) - f{z)\ < -} = Pi B{s,k,n,j). 
l,-,N{n) i-(zL z&Lk s'. 


i=i 


One can verify (mainly by using Mergelyan’s theorem) that if U is the set 
of all functions satisfying (1) — (3), then it holds: 

U= A{i, s,m,n) n B{s, k,n) = 

i,s,k,mGN n£N 
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N{n) N{n) 

= n [j[C\ Mhs,m,n,j)n B{s,k,n,j) . 

i,s,A:,mGN nGN j=l j=l 

Since H{Q) is a complete metric space, according to Baire’s theorem, it 
snffices to prove the following: 

Claim 3.9. For every i, s,n, k,m G N and for every j G {1,---A^(n)} the 
sets A{i, s,m,n, j) and B{s,k,n,j) are open in 

Claim 3.10. For every i, s, k,m E N the set: 

s, k,m) = A{i, s, m, n) fl i?(s, k, n) = 

nSN 


N{n) N{n) 

= U n n Pi B{s,k,nJ) 

nGN j=l j=l 

is dense in H{Q). 

3.3 A{i, s,m,n, j) and B{s, k, n, j) are open in H{ft) 

The sets A{i, s, m, n,j) have been proven to be open in [TT] for qj = 0 and in 
[9] and [10] for qj > 1. The sets B{s, k,n,j) have been proven to be open in 
[7] for qj > 1 and in [TI] for = 0. For complete proofs of the above facts 
we also refer to HD]. 

3.4 Density of s, fc, m) 

In order to prove Claim IXTUl we £x i, s, fc, m G N and we want to prove that 
the set: 

V{{i, s, k,m) = A{i, s, m, n) n B{s, k, n) = 

nSN 

N{n) N{n) 

= U n n Pi B{s,k,n,j) 

neN j=l j=l 

is a dense snbset of H{Q). 

Let g G H{Q), L' C 12 be a compact set and e > 0. Onr aim is to hnd 
a fnnction u E U{i, s, fc, m) snch that snp^g^.' “ 5'(^)l < There is no 
problem if we assnme that e: < -. According to Lemma 13.21 we are able to 
hnd an index no G N satisfying L U L' U L^. C ■ 

Since and Km are disjoint compact sets with connected complements, 
the set Lno U Km is also a compact set with connected complement. 
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Consider now the following fnnction: 


w{z) 


fi{z) ii z e K, 
g{z) ii z e L„ 


The fnnction w is well dehned (becanse fl Km = 0) and also w G 
A{Lno U Km)- We apply Mergelyan’s theorem and we hnd a polynomial p 
snch that snp^^^uii'™ ~'P{z)\ < Since: 


min \p\ 

,N{n)} 


(”) AA 
1P2 y 


(n) T , 

yPNin)} ^ +00 


as n —)■ + 00 , there exists an index km G N snch that: 


min {p. 


) (^np ) 


■ ■ ■ yPN’ikm)} > deg{p{z)). 


Consider the fnnction: 


u{z) 


p{.z) 
1 + 


where d G C \ {0} and 0 < |d| is small enongh. We notice that it holds: 


snp \p{z) — u{z)\ = snp \p{z) 


p{.z) 

1 + 


snp 

-^nQ UA'tti 


dz^’‘"ip{z) e 
1 + d^'^'""! ^ 2 


provided that 0 < |d| is small enongh. It follows that snp^^^uXm “ 
u{z) \ < e. In order to show that u &U{i, s, k, m), we verify the following: 


(1) u e D (km) (C) for every ( G and for every j G {1, • • • , 

Pj 

according to Proposition 12.41 In particnlar, this holds for every ( & L. 

(2) [u]p^ /Q'a:^p]c(^) ^ '^(^) every C, G for every z ^ K and for 

every j G {1, • • • , N{km)}, according to Proposition 12.41 In particnlar, 
this holds for every ( E L. 


The resnlt follows from Baire’s theorem. 


We state now two conseqnences of Theorem 13.81 withont proofs. 

Theorem 3.11. Let 12 C C be a simply connected domain and C £ 1^ a hxed 
point. We consider an arbitrary seqnence {qn)n>i ^ N (may be bonnded or 
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unbounded). Now, for every n G N let Pi^\p^^\ ■ ■ ■ iP^N\n) ^ where N{n) 
is another natural number, such that: 


min jpV 


(n) 


(n) 

,P 2 , 


>Pv(n)} ^ +00 


as n —)■ +CXD. Then there exists a function / G H{Q) satisfying the 
following: 

For every compact set K O <C\Q with connected complement and for 
every function h G A{K), there exists a subsequence {qkn)n>i of the sequence 
{qn)n>i such that: 

(1) f E D (fc„) (^) for every n G N and for every j G {1, • • • , iV(/c„)}. 

Pj !<lkn 

(2) maxj=i,...,^(fc^)sup^g^ |[/;pf"V9fcn]c(^) “ Kz)\ ^ 0 as n ^ +oo . 

(3) For every compact set J C it holds: 

• - / Wl ^ 0 

J = l,-,N(kr,) z&J 


as n ^ +CXD. 


Moreover, the set of all functions / satishng (1) — (3) is dense and Gs in 

H{n). 


Theorem 3.12. Let hi C C be a simply connected domain. We consider 
an arbitrary sequence (gn)n>i ^ Id (may be bounded or unbounded). Now, 
for every n G N let p^^\p^\ ■ ■ ■ £ N, where N{n) is another natural 

number, such that: 


min \p\‘ 


G) An) 
P2 ) 


>Pw(n)} 


as n —)■ +CXD. Then there exists a function / G H{Q) such that for 
every compact set iL C C \ hi with connected complement and for every 
function h G A{K), there exists a subsequence {qk„)n>i of the sequence 
{qn)n>i satisfying the following: 

(1) For every compact set L C 12, there exists a n{L) G N such that 

/ G T> (fc„) (C) for every n > n{L), for every j G {1, • • • , N{kn)} and 

Pj •>Hkn 

for every C E L. 

(2) maxj=i... ,7v(fc„) sup^g^ |[/;pf"V9fcn]c(^) - h{^)\ ^ 0 asn ^ +oo. 
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(3) For every compact set L C it holds: 


max 

j = l,-,N{kn) 


sup |[/;pf"V?fcn]c(^) - /(^)l ^ 0 

z&L 


as n ^ +00. 


Moreover, the set of all functions / satishng (1) — (3) is dense and in 

H{n). 

We notice that the previous results have variants in several spaces with 
similar proofs. See for instance [in]. We only mention the variants of Seleznev 
type and in a closed subspace of 74°°(f2). The proofs are similar to the ones 
of Theorem 13.31 - Theorem 13.71 

Consider the space endowed with the Cartesian topology. A well - 
known result is that is a metrizable topological space; the same topology 
on can be induced by the following metric: 

For every a, 6 G with a = {an)n>o uud b = (&n)n>o we dehne : 


Pc{a, b) 


+ CXD 

E 


n=0 


1 \Ojn ^n| 
2 "' 1 + \(ln — bn 


We know that (C^, pc) is a complete metric space. 

Another metric that can be introduced on giving a different topology 
from the Cartesian one is the following: 


For every a, 6 G with a = (a„)„>o and b = (6n)n>o we dehne : 


. ,, I 2 if a 7^ 6 (where Uq = min{n G N : a„ 7^ bn}) 

It is also true that (C^, pd) is a complete metric space. Moreover, one 
can see that pc < 2pd. 

Theorem 3.13. Let {pn)n>o C M be a sequence such that Pn —)■ +cx3. Now, 
for every n G N let q^\ • • • , G N, where N{n) is another natural 
number. Then there exists an element a = (an)n>o ^ such that the formal 
power series f{z) = '^n=o'^nZ'^ satishes the following: 

For every compact set iF C C \ {0} with connected complement and for 
every function G A{K) there exists a subsequence {pk„)n>o of the sequence 
{Pn)n>0 such that: 

(1) f & D (fcn)(0) for every j G {0, • • • , N{kn)} and for every n G N. 
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(2) niaxj=o,---,_/v(fc„) sup^g^ |[/;Pfc„/gf"^]o(^) -'0(^)1 ^ 0 asn ^ +CX). 

The set of all a = (an)n>o ^ satisfying (1) — (2) is dense and Gs in 
both spaces (C^,pd) and (C^,pc)- 

Proof. Let {fi}i>i be an enumeration of polynomials with coefficients in 
Q + iQ and {Km}m>i be a (fixed) absorbing family of C\ {0}. Now, for every 
i,m,n, s E N and for every j G {0, • • • , iV(n)} we consider the following sets: 

X{i,j, m, n, s) = {a = (oq, Oi, • • •) E : the formal power series 

H-oo 

fi^) = satisfies / G 

n=o "" 

and sup \[f]Pn/q^"\{z) - Mz)\ < -}• 
zeKm S 

N{n) 

Xs) = X{i, j,m,n, s) = 

j=0 

+ 00 

= {a = (oo, Oi, • • •) G : the formal power series/(z) = ttnz'^ 

n=0 

satisfies f E ^(p„) (0) for every j G {0, • • • , N{n)} and 

sup \[f-,Pn/q\^"\{z) - Mz)\ < -} for every j G {0, • • • , iV(n)}. 
zeKm s 

One can verify that if X is the set of all functions satisfying (1) — (2), 
then it holds: 

T’ = nu X (z, m, u, s). 

i,m,s nSN 

The sets X{i, j,m,n, s) have been proven to be open in both spaces 
{C^,pd) and (C^,Pc) in [ID], thus the set X{i,m,n, s) is also open as a £- 
nite intersection of the previous sets. On the other hand, the set X{i, m, s) = 
UneN nr, n, s) is dense in (C^, pa) (and so does in (C^, pc) since pc < 2pd)] 
the proof is almost the same as the one of the corresponding part of Theorem 
3.1 in [To] and is omitted. The result follows from Baire’s theorem. 

■ 

Next we state some other results whose proofs are similar to the previous 
ones and are omitted. 
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Theorem 3.14. Let (g„)n>o C M be an abitrary sequence (may be bounded 
or unbounded). Now, for every n G N let - ■ ■ tP^Iu) ^ where 

N{n) is another natural number. Suppose that: 

.min {pW,... } ^+oo. 


Then there exists an element a = (a„)„>o G such that the formal 
power series f{z) = '^n=o^nZ"' satishes the following: 

For every compact set iL C C \ {0} with connected complement and for 
every function tjj G A{K) there exists a subsequence {qk„)n>o of {qn)n>o such 
that: 

(1) f E D (fc„) (0) for every j G {0, • • • , N{kn)} and for every n G N. 

Pj 

(2) maxj=o,-,v(fc„) sup^g^ |[/;pf’*V9fcn]o(^) - ^(^)| ^ 0 as n ^ +cx). 

The set of all a = (an)n>o ^ satisfying (1) — (2) is dense and Gs in 
both spaces (C^,pd) and (C^,pc)- 

Let 12 C C be an open set. We say that a holomorphic function / dehned 
on 12 belongs to A°°(12) if for every I G N the l-th derivative of / extends 
continuously on 12. In A°°(12), we consider the topology dehned by the semi¬ 
norms sup^g^^fc for every k > 1 and for every I G N, where {Lk}k>i 

is a family of compact subsets of 12 such that for every compact set L C 12 
there exists an index /c G N satisfying L C Such a family for example is 
obtained by setting = 12 fl 5(0, k) for every /c G N. With this topology, 
yl°°(12) becomes a Frechet space. 

We call X°°(12) the closure in yl°°(12) of all the rational functions with 
poles off 12. If C \ 12 is connectet, then the polynomials are dense in X°°(12). 

We state now without proof two generic results in X°°(12) analogue to 
the previous results. 

Theorem 3.15. Let {pn)n>i C N be a sequence such that p„ — )■ -|-cxd. Now, 
for every n G N let q^\ q^\ • • • , G N, where N{n) is another natural 
number. Also, let 12 C C be a domain such that C \ 12 is connected. Then 
there exists a function / G X°°(12) satisfying the following: 

For every compact set iF C C \ 12 with connected complement and for 
every function h G A{K), there exists a subsequence {pk„)n>i of the sequence 
{Pn)n>i such that: 


18 



(1) For every compact set L there exists a n = n{L) G N such that 
f E D (fc„)(C) for every ( E L, for every n > n{L) and for every 

Pkn i‘?j 

J e {!,■■■ ,N{kn)}. 

(2) For every / G N it holds: 

max sup sup \[f;Pkr,/q?"'’]?{z) - 0 as n -)■ +cx) 

j=l,-,N{k„) zeL ^ ^ 

for every compact set L O Q. 

(3) maXj=i^...^N{kr,)S^P(eL^^PzeK\[f',Pk„/qf"\{z)-h{z)\ ^ 0 as n ^ +cx) 
for every compact set L C ff. 

The set of all functions satisfying (1) — (3) is dense and Gs in X°°(r2). 

Theorem 3.16. Let {qn)n>i C N be an arbitrary sequence (may be bounded 
or unbounded). Now, for every n G N let p^^\p^\--- ^P^ln) ^ where 
N{n) is another natural number. Suppose that: 

je{0,---,Af(n)} ^ ’ 

Also, let n C C be a domain such that C \ hi is connected. Then there 
exists a function / G X°°(r2) so that the following holds: 

For every compact set iL C C \ hi with connected complement and for 
every function h G A{K), there exists a subsequence {qk„)n>i of the sequence 
{qn)n>i such that: 

(1) For every compact set L there exists a n = n{L) G N such that 
f E D (kn) (C) for every ( E L, for every n > n{L) and for every 

Pj y<lkn 

(2) For every / G N it holds: 

max sup sup \ [fpf"'^/qk^fp(z) — f^''\z)\ ^ 0 as n —)■ +cxd. 
j=l,-,N{kr^) zeL ^ 

(3) maXj=i^...^N{k„)snp^(zLsnp^^K\[f-,pf'^pqkJ(;{z)-h{z)\ ^ Oasn ^ +oo. 
Moreover, the set of all functions satisfying (1) — (3) is dense and Gs in 
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4 Simultaneous approximation for universal 
Fade approximants of Type II 

In this section we prove for universal Fade approximants of type II results 
as in the previous section and thus we strengthen results from [TB] . 

Theorem 4.1. Let hi C C be an open set and L,L' C two compact 
sets. Let also K C C \ hi be another compact set. We consider a sequence 
{Pn)n>i C N with Pn + 00 . Now, for every n G N let • • • , G 

N, where N{n) is another natural number. Suppose also that: 

r (n) (n) (^) I V I 

mm{q\ gWr • ■ , +oo. 

Then there exists a function f E H (hi) such that for every rational func¬ 
tion h, there exists a subsequence (pA;„)n>i of the sequence (pn)n>i satisfying 
the following: 

{1) f E D (fcn)(C) for every ( E L, for every n G M and for every 

Pkn ^Qj 

(2) maxj=i,...,^(fc„)sup^g^sup^g^x([/;pfc„/gf"^]c( 2 :),h(z)) ^ 0 as n ^ 
-foo . 

(3) maxj=i,...,^(fc„)sup^g^sup^g^, - f{z)\ ^ 0 as n ^ 

-|-oo. 

Moreover, the set of all functions / satishng (1) — (3) is dense and Gs in 

H{n). 

Proof. Let {/*}*>! be an enumeration of all rational functions with the 
coefficients of the numerator and denominator in Q -|- iQ. There is also no 
problem to assume that for every i > 1, the numerator and the denominator 
do not have any common zeros in C . 

Now, for every i,s,n eN and for every j G {1, • • • iV(n)} we consider the 
following sets: 


= {/ G H{n) : f E T>p^^^(n)(C) and 

supsup |[/;pn/gf^]c(^) - f{z)\ < -}• 

Cei z&L' s 


A{n, s) 


{/ G : f E for every j = 1, 2, • 


N{n) 
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^ iV(n) 

and max supsup - f{z)\ < -} = Pi A{j,n,s). 

j=l,-,N{n) (^(ZL z&V s'. 

J=1 

Bii,j,n,s) = {f e H{n) : f e and 

sup sup xi[f;Pn/qf"\{z),fi{z)) < -}. 
feL zgk s 

B{i, n, s) = {f e H{n) : / G for every j = 1, 2, • • • , N{n) 

^ Ar(n) 

and max sup sup x{[f]Pn/qP]({z)Ji{z)) < -} = P 
j=l,-,N{n) c^(zL z&K S' 

j=l 

One can verify that if U is the set of all fnnctions satisfying (1) — (3), 
then it holds: 

W = y4(n, s) n i?(i, n, s) = 

i,sEN nGN 

N{n) N{n) 

= n U [ n "4(j>,s)n P B{i,j,n,s) . 

2,sENnGN j=l j=l 

The sets A{j, n, s) and B{i,j, n, s) have been proven to be open for every 
parameter in [TB]. Thus, the sets y4(n, s) = and B{i,n,s) = 

nfi”’ B{i , j, n, s) are also open, as a hnite intersection of open sets. It follows 
that U is a Gs subset of H{Q). 

4.1 Density of s) 

In order to use Baire’s theorem, we hx the parameters i, s G N and we want 
to prove that the set: 


nSN 


is dense in H{Q). 

Let L" C O be a compact set, 0 G H{fl) and £ > 0. We assume that 
£ < ■^. Our aim is to hnd a function g ^U{i, s) such that: 

sup \(j){z) - g{z)\ < e. 

z&L" 


21 



Without loss of generality, we suppose that LU L' and also that 

every connected component of CU{oo} \L" contains a connected component 
of C U {c)o} \ fl. For instance, that can be achieved by using Lemma [3.21 
Consider now the following function: 


fi{z) iize 
(j){z) if z e L" 


The set of poles of fi on K is hnite; let /i denote the sum of the principal 
parts of fi on these poles. So, the function ca — /i is holomorphic in an 
open set containing L" U K. We apply Range’s theorem to approximate the 
function u) — fi uniformly on L" U K with respect to the Euclidean distance 
by a sequence of rational functions: 

An{z) 

Bn{z) 

So, there exists a natural number uq G N satisfying the following: 

I , , , / \ \ -^n (•2^) I ^ c 

sup ^-1 < - lor every n > uq. 

zeL"uK Bn{z) 2 


In paricular, Bn{z) ^ 0 for every z ^ L” U K and for every n > no- There 
is also no problem to assume that the polynomials An{z) and Bn{z) have no 
common zeros in C. On the other hand, the sequence of functions: 


fi{z) + 

dehned for n > no, satishes: 


An(z) 

Bn{z) 


Anjz) 

Bn{z) 


supx(/i(^),h(^)) + 

zeK 


Anjz) s ^ 
Bn{z)^ 


e 

2 


and 


sup Ifiz) - fi{z)) 

zeL" 


An{z) ^ £ 
2 


for every n>no. 

We notice that the polynomials An{z) and Bn{z) have no common zeros 
in C, since: 


/ \ A'ni.z'^ T An{,Z^ 

a{z) + ^3-= -^- 

Bn{z) B^{z) 


Anjz) 

Bniz) 
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and also that Bn{z) ^ 0 for every G L" and for every n > no, becanse 
the polynomials Bn{z) have the same property for every n > hq. 

Since —)■ +oo and mm{q^\ q^\ ■ ■ ■ t +oo, there exists an 

index kno > no G M snch that: 

Pk„o > ^oc^&x{deg{Anoiz)),deg{Bnoiz))} 

and 

min{gf"°\ • • • , > deg{Bno{z)). 

We set t = ~ deg{Bng{z)) and we consider the fnnction: 

^np jz) I 7 t _ ^no{z) + dz Bnp{z) 

Bnp{z) ^ " ~ B^,{z) 

Now, for every d G C, the polynomials Ang(z) + dz^Bnp{z) and Bnp{z) 
do not have any common zero in C, becanse the polynomials Ang{z) and 
Bnp{z) do so. If the parameter d G C is close to zero (it snffices to demand 
d ■ s^PzeL"uK k*l < |)> then; 

sup X(4^4 + dz\u{z)) < e 

z£K -^no\^) 

and 

sup I + dz* — u{z) I < e. 

z€L" BnQ\Z) 

Since deg{Bnp{z)) < minlgf"'’^ gf for d G C \ {0} we 

have the following: 


( 1 ) deg{Anoiz) + dz^B^piz)) = Pk^^. 

(2) According to Proposition 12.41 it holds: 


■^np jz) 
Bnp {z) 


+ dz* 


■^np(^z') dz BrfipiyZ^ 
Bnp (^) 


G D 

PkriQ ) 


('="o)(C) 

^3 


for every j G {1, 2, • • • , N{knp)} and for every ^ G C such that Bnp (C) 7^ 
0; in particular this holds for every ( E L. 


( 3 ) 


r Anp (z) 
Bnp{z) 


+ dz*;p(kr.^)/qf"°\{z) 


-^np jz) 
Bnp {z) 


A dz 


for every j G {1, 2, • • • , N{knp)} and for every ( ^ L. 
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Thus, it holds: 


/r^no(^) 

max sup sup X ( 

ie{l,2,--,7V(fc„(,)} ^gX, Bno{z) 

and 




max 

ie{i,2,-,Af(fc„Q) 


^no {z) 


sup sup \[^^^^ + dz^]Pk„ /qf"°\{z) - +dz^)\ 

)} CeL zeL' ^no[Z) ^no[Z) 


■^110 {z) 


= 0 < - < e. 
s 


We also have that: 


sup 

zGL" -^no 


I ^np (^) 

Bnn ( Z^ 


+ dz^ — (t){z)\ < e. 


Since the polynomials (z) + dz^ and Bnp {z) have no common zeros, 
we have that: 


min 

z&L'UK 


\Ano{z) + dz^Bnp{z)\‘^ + > 0 . 


One can verify that these polynomials are the ones given by the Jacobi 
formulas for the function: 

[^ + *‘;p-=,.o/9f”“'lc(^) 

-Dno \Z) 

for any ( E C with -Bno(C) 7^ 0 and for every j G {1, 2, • • • , N{kno)}- 
Since every connected component of C U {cxd} \ L" contains a connected 
component of C U {cxd} \ O, every zero of Bnp{z) in O \ L" lies in the same 
connected componet of C U {cxd} \ L" with a point in C U {cxd} \ O. Therefore 
we may approximate the function: 


Arip jz) 
Bnp {z) 


T dz 


by a function g G H{Q). The approximations is uniform on L" with 
respect to the Euclidean distance. Since L C there exists r > 0 such 

that: 


{z EC:\z-C\<r} C (L")° for all ( E L. 


Now Cauchy estimates allow us to show that a hnite number of Taylor 
coefficients of g with center ( E L are uniformly close to the corresponding 
coefficients of: 



+ dzK 
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It is now easy to see that g satisfies all requirements; the only difference 
of g from +dz^ is that it is not true that = 9i^): but 

instead it holds: 


max 


snps\ip\[g;pk /qf"°\iz) - giz)\ < 

Q&L z&L' 


■ , supsup|[^;pfc 

J&{1,2,- ,N{kno)} (^fzL z&L' 


rA. 


no y 




no \ 


+ dz*-,Pk„Jqf"\{z)\ + 


+ max sup 

je{l,2,-,N{kno)} z&v 


A{z) 

B{z) 


+ dz^',Pk^Jqf"°\{z) - g{z)\ 


where the last two terms are small enough because and are 

already fixed and thus we know which set of Taylor coefficients we have to 
control. Baire’s theorem completes the proof. 


We present now two consequences of Theorem 14.11 

Theorem 4.2. Let f2 C C be an open set and ^ G fl be a fixed point. We 
consider a sequence {pn)n>i ^ hJ with pn +oo. Now, for every n G N 
let q^\ q^\ • • • , G M, where N{n) is another natural number. Suppose 

also that mm{q^\q^\--- +oo. Then there exists a function 

/ G H{Q) such that for every compact set iL C C \ fl and for every ratio¬ 
nal function h, there exists a subsequence {pk„)n>i of the sequence {pn)n>i 
satisfying the following: 

(1) f E D (fcn)(C) for every n G N and for every j G {1, • • • , iV(fc„)}. 

Pkn^<}j 

(2) maXj=i^...^N{k^)snp,^Kx{[f-,Pk„/qj''"\{z),h{z)) 0 as n ^ +oo. 

(3) maxj=i,...,^(fc„)sup^g^, |[/;pfc„/gf"^]^(z) - fiz)\ ^ 0 as n ^ +cx) for 
every compact set L' O Q. 

Moreover, the set of all functions / satisfing (1) — (3) is dense and Gs in 

H{n). 

Proof. It suffices to apply Theorem 14.11 for L = 
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Theorem 4.3. Let C C be an open. We consider a seqnence {pn)n>i ^ 
with pn —)■ +00. Now, for every n G N let q^\q^\ ■ ■ ■ ,q^^lri) ^ where 
N{n) is another natnral nnmber. Snppose that: 

. r (n) (n) Ml .1 

min{gl ’^2 r" , %„)/ ^ +oo- 

Then there exists a fnnction / G H{fl) snch that for every compact set 
K C C \ fl and for every rational fnnction h, there exists a snbsequence 
{pkn)n>i of the sequence (pn)n>i satisfying the following: 

(1) For every compact set L ^ Q, there exists a n{L) G N such that 
f ^ D (fcn)(C) for every ( E L, for every n > n{L) and for every 

Pkn iQj 

j E {!,■■■ ,N{kn)}. 

(2) m&Xj=i...^N{kr,)Sup^^L^^Pz&KX{[f]Pkr,/qf"\{z),h{z)) ^ 0 as n ^ 
+00 for every compact set L O Q. 

(3) maxj=i,.. sup^g^ sup^g^ | [/; Pkr,/qf"\{z) -f{z)\^0asn^ +oo 
for every compact set L <E Q. 

Moreover, the set of all functions / satisfing (1) — (3) is dense and Gs in 

H{n). 

Proof. We apply Theorem 14.II for L = L' = and for K = K^- In that 
way we obtain a Gs - dense class Uk^m of One can verify (by using a 

diagonal argument) that if U is the class of all functions of H{fl) satisfying 
(1) — (3), then it holds: 

G lAk^ra- 

n,mgN 

The result follows once more from Baire’s theorem. 

■ 

Now we present similar results where the roles of p and q have been 
interchanged. 

Theorem 4.4. Let O C C be an open set and L,L' C O two compact 
sets. Let also K C C \ O be another compact set. We consider a sequence 
(gn)n>i C N with qn -E +00. Now, for every n G M let p^^\p^ 2 \ ''' MnIu) ^ 
N, where N{n) is another natural number. Suppose also that: 

. r (n) (n) (n) t 

minjp) \P 2 :■■■ MnIu)} +00- 

Then there exists a function f E H (12) such that for every rational func¬ 
tion h, there exists a subsequence {qkn)n>i of the sequence {qn)n>i such that 
the following hold: 
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(1) / G -D (kn) (C) for every ( E L, for every n E N and for every 

Pj tlkn 

J e {!,■■■ ,N{kn)}. 

(2) maXj=i...^N{kr,)Sup^^L^^Pz&KX{[f]pf"^/(lkr,]d^),h{z)) ^ 0 as n ^ 
+ 00 . 

(3) maxj=i,...,7v(fc^)sup^gisup^gi, |[/;pf"V?fcn]c(^) “/(^)l ^ 0 as n ^ 
+ 00 . 

Moreover, the set of all functions / satisfing (1) — (3) is dense and Gs in 

H{n). 

Theorem 4.5. Let C C be an open set and C G 12 be a fixed point. We 
consider a sequence (gn)n>i ^ N with —)■ +oo. Now, for every n G N let 

^PnIti) ^ where N{n) is another natural number. Suppose 
also that min{p^"\p 2 "^\ • • • —t +oo. Then there exists a function 

/ G H{Q) such that for every compact set iL C C \ 12 and for every ratio¬ 
nal function h, there exists a subsequence {qk„)n>i of the sequence (g„)n>i 
satisfying the following: 

(1) f E D (fc„) (C) for every n G N and for every j G {1, • • • , N{kn)}- 

Pj ’‘Ikn 

(2) maxj=i^... sup^gj^ X{[f-,pf"^/qkjd^),h{z)) ^ 0 asn ^ +cx). 

(3) maxj=i,..., 7 v(fc„)sup^g^, \ [f',pf"^/qkJcd) “ fd)\ ^ 0 as n ^ +cx) for 
every compact set L' O Q. 

Moreover, the set of all functions / satishng (1) — (3) is dense and Gs in 

H{n). 

Proof. It suffices to apply Theorem 14.41 for L = 


Theorem 4.6. Let 12 C C be an open set. We consider a sequence {qn)n>i ^ 
N with qn —)■ -|-oo. Now, for every n G M let p^d\p^ 2 ^i''' ^PnIu) ^ where 
N{n) is another natural number. Suppose that: 

r (n) (n) M ^ ,1 

mmjpi LpWg • • ,P]v(n)l ^ +00- 

Then there exists a function / G if (12) such that for every compact set 
2L C C \ ri and for every rational function h, there exists a subsequence 
{qkn)n>i of the sequence {qn)n>i satisfying the following: 
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(1) For every compact set L C there exists a n(L) G N such that 

/ e D (k,,) (C) for every n > n{L) and for every j G {1, • • • , iV(fc„)}. 

Pj ^Hkn 

(2) maXj=i,...,^(fc„)Sup^giSup^g;^x([/;pf"V?fcn]c(^)>^(^)) ^ 0 as n ^ 
+CXD for every compact set L O Q. 

(3) maxj=i,...,^(fc„)sup^gisup^g^ |[/;p5.^"V?fcn]c(^) -/(^)l ^ 0 as n ^ +cx) 
for every compact set L C 

Moreover, the set of all functions / satishng (1) — (3) is dense and Gs in 

H{n). 

Proof. We apply Theorem 14.41 for L = L' = Lk and for K = Km- In that 
way we obtain a. Gs - dense class Uk,m of H{Q). One can verify (by using a 
diagonal argument) that if U is the class of all functions of H{fl) satisfying 
(1) — (3), then it holds: 

G ^k,m- 

n,mSN 

The result follows once more from Baire’s theorem. 

■ 

Next we strengthen a result from [12] conserning meromorphic functions. 
Let O C C be an open set. We consider the following set: 

Z{Q) = {f : Q ^ CU {oo}} 

endowed with the topology of uniform convergence with respect to y on 
each compact subset of f2. It is known that Z{fl) is a complete metric space. 
We denote by M{Q) the closure in Z{Q) of the set of all rational functions. 
Obviously, M{Q) is a complete metric space itself, as a closed subspace of 
Z{Q). See also [I6]. In a similar way to Theorems 14. II and 14.41 we obtain the 
following results. 

Theorem 4.7. Let O C C be an open set and C G O be a hxed ele¬ 
ment. Let also L C O and K C C \ O be two compact sets. We con¬ 
sider a sequence {pn)n>i ^ hJ with —)■ -|-cx3. Now, for every n G N let 

iOnItl) ^ where N{n) is another natural number. Suppose 
also that mm{q['^\ q^\ ■ ■ ■ t -|-cxd. Then there exists a function 

/ G M{fl) with f{() 7^ oo such that for every rational function h there exists 
a subsequence {pk„)n>i of the sequence (pn)n>i satisfying the following: 

(1) f E D (fcn)(C) for every n G N and for every j G {1, • • • , iV(fc„)}. 

Pkn ’Ij 





(2) maxj=i^... ^7V(fc„) sup^g;^ x{[f-,Pkr,/qj^"^]<:{z), h{z)) ^ 0 as n ^ +cx). 

(3) maXj=i^...^N{k^)snp^^LX{[f-,Pk„/qf"^](;{z)J{z)) ^ 0 as n ^ +cx). 
Moreover, the set of all functions / satisfing (1) — (3) is dense and Gs in 

M{n). 

Proof. We apply Theorem 14.11 for L = and for K = and in that 
way we obtain a. Gs - dense class of the class U{k, m). \iU is the class 

of all functions of M{fl) satisfying the result, then it holds: 

U = U{k, m). 

n,mEN 

The reult follows from Baire’s theorem. 

■ 

Next we state some other results whose proofs are similar to the previous 
ones and are omitted. 

Theorem 4.8. Let hi C C be an open set and C ^ be a hxed point. We 
consider a sequence {pn)n>i ^ N with —)■ +cxd. Now, for every n G M 

let q^i\ q^\ • • • , ^ where N{n) is another natural number. Suppose 

also that mm{q^\ q^\ ■ ■ ■ t +cxd. Then there exists a function 

/ G M{kl) with /((■) 7 ^ oo satisfying the following: 

For every compact set iF C C \ hi, for every compact set L ^ fl and for 
every rational function h, there exists a subsequence {pk„)n>i of the sequence 
{Pn)n>i such that: 

(1) f E D (fcn)(C) for every n eN and for every j G {1, • • • , iV(fc„)}. 

Pkn^Qj 

(2) maxj=i^... sup^gj^ x{[f\Pk„/qf"\{z), h{z)) ^ 0 as n ^ +cx). 

(3) maXj=i,...,^(fc„)Sup^g^x([/;Pfc„/?f"^]c(^))/(^)) ^ 0 as n ^ +cx). 
Moreover, the set of all functions / satisfing (1) — (3) is dense and Gs in 

M{n). 

We interchange the roles of p and q. 

Theorem 4.9. Let hi C C be an open set and ^ G hi be a fixed element. 
We consider a sequence {qn)n>i ^ N with —)■ +cxo. Now, for every n G N 
let p^^\p^\ ■ ■ ■ G N, where N{n) is another natural number. Suppose 
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also that —)■ +oo. Then there exists a function 

/ G M{fl) with f{() 7 ^ cxD satisfying the following: 

For every compact set iF C C \ for every compact set L ^ fl and for 
every rational function h, there exists a subsequence {qk„)n>i of the sequence 
{qn)n>i such that: 

(1) / G (fc„) (C) for every n G N and for every j G {1, • • • , N{kn)}. 

Pj -^Hkn 

(2) maXj=i,...,^(fc„)Sup^g^x([/;pf"V?fc»]c(^))^(^)) ^ 0 as n ^ +cx). 

(3) maXj=i,...,^(fc„)Sup^g^x([/;pf"V9fcu]c(^)>/(^)) ^ 0 as n ^ +cx). 
Moreover, the set of all functions / satishng (1) — (3) is dense and Gs in 

M{n). 

We present now two generic results for Universal Fade approximants of 
Type II for formal power series, without proofs which are similar to the 
previous ones. Thus we strengthen results from |B]. 

Theorem 4.10. Let {pn)n>o C N be a sequence such that pn — )■ +cxo. Now, 
for every n G N, let q^\--- iq^M{n) ^ where M{n) G N. Suppose also 
that min{gQ”\ • • • +oo. Then there exists a formal power series 

f{z) = with {an)n>0 ^ C^, Satisfying the following: 

For every compact set IF C C \ {0} and for every function h{z) G M(C \ 
{0}), there exists a subsequence {pkn)n>o of the sequence {pn)n>o such that: 

(1) f E D (k„) for every j G {0, • • • , M(fc„)} and for every n G N. 

Pk„ 

(2) maXj- 6 {o,-,M(fc„)}Sup^g^x([/;pfc„/gf"^]( 2 ;),h( 2 ;)) ^ 0, as n ^ +cx). 

Moreover, the set of all functions satisfying (1) & (2) is Gs - dense in 
both spaces (C^,pc) and {C^,pd). 

Theorem 4.11. Let {qn)n>o C M be a sequence such that —)■ +cx). Now, 
for every n G N, let Pq’^\ ■ ■ ■ G N, where M(n) G N. Suppose also 

that min{pg”'\ • • • —>■ +C) 0 . Then there exists a formal power series 

f(z) = J2n=o^kiZ’^ with (an)n>o ^ Satisfying the following: 

For every compact set IF C C \ {0} and for every function h{z) G M(C \ 
{0}), there exists a subsequence {qk„)n>o of the sequence {qn)n>o such that: 

(1) f E D (fc„) for every j G {0, • • • , M(/c„)} and for every n G N. 
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( 2 ) maxjg{o,---,M(A:„)} sup^g^ x{[f-,pf"^/qkj{z), h{z)) ^ 0 , as n ^ +oo. 

Moreover, the set of all functions satisfying (1) & (2) is G 5 - dense in in 
both spaces (C^,pc) and (C^,prf). 

Now we present some generic results on strenghtening results from 

ng. 

Let fl C C be an open set. We say that a function / G H{fl) belongs 
to y4°°(f2) if for every n G N the nth derivative of / can be extended 
continuously on 12 . 

In we consider the topology dehned by the family of seminorms 

snp^gL, where {Lk }fc>i is a family of compact subsets of 12 , such 

that for every compact subset L there exists an index n = n(L) G M 
satisfying L C L„. For instance, it suffices to consider the family = 
12 n 5(0, n) for every n G N. It is known that with this topology yl°°(12) 
becomes a Frechet space. 

The space X°°(12) is the closure in 74 °°( 12 ) of all rational functions with 
poles off 12. It is obvious that X°°(12) is a complete metric space itself, as a 
closed subset of y4°°(12). 

Theorem 4.12. Let 12 C C be an open set and L, L' C If, iF C C \ 12 be 
some compact sets. Let also {pn)n>i C N be a sequence such that Pn —t + 00 . 
Now for every n > 1, let • • • , G M, where M(n) G N and suppose 
that min{gf \ • • • , q^ln)) ^ +oo- 

Then there exists a function / G X°°(lf) such that for every rational func¬ 
tion h, there exists a subsequence {pk„)n>i of the sequence {pn)n>i satisfying 
the following: 

(1) / G D (k„){C) for every ( E L, for every j G {1, • • • , M(/c„)} and for 

Fkn 

every n G N. 

(2) For every / G M, maxjg{i^...^^(fc^)} sup^g^y^up^g^y' 

/"'WHO as n —)■ -l-cxo. 

(3) maXjg{i,..,M(fc„)}Sup^giSup^g;^x([/;Pfc„/gf"^]c( 2 ;),h( 2 ;)) ^ 0 as n ^ 
-|-oo. 

Moreover, the set of all functions / G X°°(12) satisfying (1) — (3) is dense 
and Gs in X°°(12). 
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Theorem 4.13. Let 12 C C be an open set and C ^ ^ be a fixed point. 
Let also {pn)n>i C M be a seqnence such that Pn —t +cxd. Now for ev¬ 
ery n > 1, let ,qM\n) ^ where M{n) G N and suppose that 

niin{g(”\ • • • , -|-cxd. Then there exists a function / G X°°(12) such 

that for every rational function h and for every compact set iL C C\12, there 
exists a subsequence {pk„)n>i of the sequence {pn)n>i satisfying the following: 

(1) f & D (k„)(() for every j G {1, • • • , M(kn)} and for every n G N. 

Pk„ !<lj 

(2) For every I G N and for every compact set L C 12 it holds: 

. max sup \[f-,pkjqf"'’]f{z) - 0. 


as n ^ -|-cx) 

(3) maXjg|i... sup^gzf x([/;Pfc„/gf"^]c(2:), h{z)) ^ 0 as n ^ +cx). 

Moreover, the set of all functions / G X°°(12) satisfying (1) — (3) is dense 
and Gs in X°°(12). 

Theorem 4.14. Let 12 C C be an open set and {pn)n>i C N be a sequence 
such that Pn —t -l-cxD. Now for every n > 1, let q^{^\ • • • , G N, where 

M{n) G N and suppose that min{g|"'\ • • • , t -|-cxd. Then there exists 

a function / G X°°(12) satisfying the following: 

For every compact set iL C C \ 12 and for every rational function h, there 
exists a subsequence {pk„)n>i of the sequence {pn)n>i satisfying the following: 

(1) For every compact set L O Q there exists an index n{L) G N such that 
f^D (fc„) (C) for every C e -h, for every j G {1, • • • , M{kn)} and for 

Phn 

every n > n{L). 

(2) For every I G N and for every compact set L C 12 it holds: 

max supsup (^) - f^'^\z)\ 0 


as n —)■ -l-cxD. 

(3) For every compact set L C 12, it holds: 

max sup sup x{[f-,Pk„/qf"\{z),h{z)) 0 

je{i,-,M{kn)} (eL zeK ^ 


as n —)■ -l-cxD. 
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Moreover, the set of all functions / G X°°(r2) satisfying (1) — (3) is dense 
and Gs in 

Now we interchange the roles of p and q. 

Theorem 4.15. Let hi C C be an open set and L, L' O K C C \ hi be 
some compact sets. Let also (gn)n>i C M be a sequence such that —)■ +cxd. 
Now for every n > 1, let G N, where M{n) G N and suppose 

that min{pS''\ • • ■ ^p^ln)} ^ +oo- 

Then there exists a function / G X°°(r2) such that for every rational func¬ 
tion h, there exists a subsequence (gfc„)n>i of the sequence (gn)n>i satisfying 
the following: 

(1) / G D (k„) (C) for every ( E L, for every j G {1, • • • , M{kn)} and for 

Pj iHkn 

every n G N. 

(2) For every I e N, ma.x,e(i,...,M(t„)) sup^eisup^ji, “ 

/'"WHO as n —)■ -l-cxD. 

(3) maxwell,...,M(fc„)}Sup^g^sup^gj^x([/;pf"Vgfc„]c(^),^(^)) ^ 0 as n ^ 

-l-CXD. 

Moreover, the set of all functions / G X°°(r2) satisfying (1) — (3) is dense 
and Gs in X°°(r2). 

Theorem 4.16. Let 12 C C be an open set and C ^ be a hxed point. 
Let also (gn)n>i C N be a sequence such that —)■ -|-cxd. Now for ev¬ 

ery n > 1, let • • • iP^M(n) ^ where M{n) G N and suppose that 
min{p[”\ • • ■ -E -l-cxD. Then there exists a function / G X°°(12) such 

that for every compact set iL C C \ 12 and for every rational function h, there 
exists a subsequence (gA:„)n>i of the sequence (gn)n>i satisfying the following: 

(1) f E D (fc„) (C) for every j G {1, • • ■ , M{kn)} and for every n E N. 

Pj ’Ikn 

(2) For every I E N and for every compact set L C 12 it holds: 

zeL ^ ^ 


as n —)■ -l-cxD. 

(3) maXjg|i... sup^g^ x{[f-,pf"^/(lkj(:{z),h{z)) ^ 0 as n ^ -fcx). 
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Moreover, the set of all functions / G X°°(r2) satisfying (1) — (3) is dense 
and Gs in 

Theorem 4.17. Let 12 C C be an open set and (gn)n>i C M be a sequence 
such that Qn —)■ +CXD. Now for every n > 1, let \ G where 

M(n) G N and suppose that min{p^"'\ • • • t +cxd. Then there exists 

a function / G X°°(12) satisfying the following: 

For every compact set IF C C \ 12 and for every rational function h, there 
exists a subsequence {qkn)n>i of the sequence (gn)n>i satisfying the following: 

(1) For every compact set L ^ fl there exists an index n{L) G N such that 

/ G D (kr,) ^ (C) for every ( e L, for every j G {1, • • • , and for 

Pj ^Hkn 

every n > n{L). 

(2) For every I G N and for every compact set L C 12 it holds: 

. max . supsup|[/;pf"V?fcJcH 2 ;) - ^0 

as n + 00 . 

(3) For every compact set L C 12, it holds: 

max supsupx{[fipf"^/qkjdz),h{z)) 0 

as n ^ + 00 . 

Moreover, the set of all functions / G X°°(12) satisfying (1) — (3) is dense 
and Gs in X°°(12). 

5 Affine and algebraic genericities of two 
classes of functions 

In this section we deal with the class of functions on a simply connected 
domain 12 C C which satisfy the requirements of Theorem 11.11 in the Intro¬ 
duction for a hxed center of expansion G 12: the class A. 

We constrnct a particular function / in the above class. Our construction 
is based on the observation that [f;p/q]({z) = Sp{f,(){z) with g > 1 if and 
only if ttp+i = ap +2 = ■■■ = Up+g = 0, where f{z) = Y.l=o(^n{z - C)” is the 
Taylor expansion of the fnnction /, centered at ^ G 12. 
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Theorem 5.1. Let 12 C C be a simply connected domain and ^ G 12 be a 
fixed point. Let also {pn)n>i C N be a seqnence snch that Pn —)■ +cxd. Also, 
for every n G N, let N{n) G N and • • • , G N. 

Then there exists a fnnction / G Lf(12), f{z) = o,n{z — Q'^ satisfying 

the following: 

For every compact set iF C C \ 12 with connected complement and for 
every fnnction h G A{K), there exists a snbsequence {pk„)n>i of the seqnence 
{Pn)n>i snch that: 

(1) \SpkAfX){z) - h{z)\ ^ 0, as n ^ +cx). 

(2) sup^gj |*S'pj, ~ fi^)\ ^ 0, as n —)■ +cxo for every compact set 

J C 12. 


Fnrthermore, for every n G N it holds ^ 0 and a^j, +s = 0 for every 
s = 1, • • • , max{gf"\ • • • , 

Proof. Let {fj}j>i be an enumeration of polynomials with coefficients of 
Q+iQ. Let also {Km}m>i and {Lk}k>i be two families of compact subsetes of 
C satisfying Lemmas 13.11 andrespectively. The set {{Km, fj) ■ rn,j > 1} 
is infinite denumerable and thus we consider a function 2 : M ^ N such that 
{{Km, fj) ■ > 1} = {{Kmt, fjt) : ^ > 1}, where we suppose that each 

pair {Kmt, fjt) appears infinitely many times. In any other case, see Remark 

o 


Step 1. We consider the function wi{z) 


fj^ {z) if z e Kr 
0 if 2 ; G Li 


We notice that wi G A{Kmt ULi). We apply Mergelyan’s theorem and 
we find a polynomial hi such that sup^g^^^^Li < 1- We 

consider an index fci G N such that deg{hi{z)) < pk^ Next, we select 
a Cl G C \ {0} such that: 


sup \wi{z) - {hi{z) + ci{z - C)^''0I < 1- 

zeK ULi 


Note that such a choice is possible. We set Hi{z) = hi{z) + Ci{z — . 

Clearly the function Hi is a polynomial with deg{Hi{z)) = pk^ Finally, 
we select 2i > 1 + max{gj^\ • • • , g^(i)}. 

f fj2 (^)~-^i(d a z ^ K 
Step 2. We consider the function W 2 {z) = < 

1 0 if z G L 2 
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We notice that Wi G A{Km2 AL2). We apply Mergelyan’s theorem and 
we hnd a polynomial ^2 such that: 


sup |m; 2(^) - h2(^)| < — ■ 

Z^Ktn 2^^2 " 


1 

max 26 i^„^uL 2 k - + 1’ 


We consider an index /c2 G N such that deg{h2{z) ■ {z — < Pk2- 

Next, we select a C2 G C \ { 0 } such that: 

sup \W2{Z) - {{z - C,Y^^^^^h2{z) + C2(;^ - 0 ^'“^ < 4 - 

ZSKTn2^^2 " 


Note that such a choice is possible. We set H 2 {z) = {z — h 2 {z) + 

C 2 {z — . Clearly the function H 2 is a polynomial with deg{H 2 {z)) = 

/Q\ /Q\ 

Pk 2 - Finally, we select t 2 > 1 + maxjg^ , • • • , 5']v(2)}- 

Step n. So far we have dehned the polynomials Hi, - ■ ■ , Hn-i with deg{Hi{z)) = 
Pki for every i = 1, ■ ■ ■ ,n — 1. We consider the function: 


fj^{z)-{HPz)+YA- 




Wr,\Z] = 




C-C) 


if 2: G K„ 
if z E Lr, 


We notice that Wn G A{Km„ULn). We apply Mergelyan’s theorem and 
we hnd a polynomial such that: 


sup \Wn{z) - hn{z)\ < 


ZSKrrtr). Uijr7 




maXz(zK^^uL„ jz - CT""-! " ^ + 1 


We consider an index kn E N such that: 

deg((z - ()Pfcn-i+*»-i . 


Next, we select a c„ G C \ { 0 } such that: 

sup \Wn{z) - ((z - (y^’--Hn(z) + Cn(z - < 4- 

zeKm^LiLn n 


Note that such a choice is possible. We set Hn{z) = {z — hn{z) + 

Cn{z—Cy^’^. Clearly the function Hn is a polynomial with deg{Hn{z)) = 

Pk„ ■ 
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From Weierstrass’s theorem, the sequence of polynomials: 

{Hi{z) + H 2 {z) + • • ■ + Hn{z) + • • • }n>2 

converges uniformly on every compact subset J C to a function / G 
H{Q). We notice that from Cauchy’s integral formula, for every n G N it 
holds: 

V(/.ow = ffiW+ E 

N =1 

We will show that the function / meets the requirements of Theorem 15.11 

• Let J C be a compact set. We consider an index G N such that 
J C Lfc. Then: 


+ 00 .. 

sup |-5pfc„(/,C)(2:)-/(2:)l < 

^ s=M{n) 

as n ^ +00, where M{n) G N and M{n) +oo as n —)■ +oo as well. 

• Let K C C\r2 be a compact set with connected complement, h G A{K) 
and e > 0. We consider an index m G N such that K C Km- We 
use Mergelyan’s theorem in order to find a polynomial fj such that 
\\h-fM X < |. Then, according to our initial hypothesis, (Km, fj) = 
{Kmt, fjt) for inhnitely many f G M. Also, according to the construction 
of /, it holds Wfj, - Sp^,^{f,C)\\K^, < ^ for inhnitely many t G N. 

Equivalently, \\fj — Sp,^, (Z^OIIxm < ^ for inhnitely many t E N. For 
t -E- +CX 0 , we select atoEN such that \\fj — Sp^^ (/, C)\\Km < < |- 

The triangle inequality yields now the result. 


Remark 5.2. We notice that in the previous proof we can also use an enu¬ 
meration {Kmt, fjt) A ^ where every pair {Km, fj) appears only once. 
This alters only the last part of the proof, where we consider a compact 
set iL C C \ with connected complement, a function h E A{K) and we 
want to approximate uniformly on K the function h by a subsequence of the 
partial sums {5'„(/, C)}n>i of the function / we have already constructed. 

Let £ > 0. We consider an index m E N such that K C Km- We use 
Mergelyan’s theorem in order to hnd a polynomial fj such that \ \h—fj \\k < I- 
Suppose that {Kmt, fjt) = {Km, fj) only once. According to the construction 
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of the function /, it holds \\fj^ — Sp^,, {fX)\\Kmt < F t E N. 

We notice that for every g G (0, |) fl Q the function fj + g is a polynomial 
with coefficients in Q + zQ, thus there exists an index j(g) G N such that 
fj + Q = fj{q)- Also, for g,g' G (0, |) fl Q with g 7 ^ g' it holds j(g) ^ 
j{q'). In other words, there exist inhnitely many indexes z G N such that 
II/.-/.II Km < 3 - That allows us to hnd an index jo ^ N large enough such 
that Wfj - fjoWKm < I and also ^ < f- Thus (/, C) - /.Jk^ < ^ < i 
The result follows now from the triangle inequality. See also | 12 j . 

We mention that the above construction is a modihcation of the con¬ 
struction of universal Taylor series without use of Baire’s theorem (0 0 

na na). 

Definition 5.3. We denote as B = B{A^^^) the set of all functions satisfying 
Theorem 15.11 

Proposition 5.4. Let / G and P be a polynomial. Then / -|- P G 

B{A^^^) C A. Thus, the class A contains an affine dense subspace of 
It follows that A is affinely generic. 

Proof. This is obvious, according to the construction of the 
class B{A^X — “T, since the condition = 0 for every s = 

1 , • • • , max{gf”\ • • • , implies that [f]Pk^/qf"\ = Sp^^{f, () for ev¬ 

ery j = 1, • • • , M[kn)- Further, the above equations combined with ap^,^ 7 ^ 0 
imply that / G D (k„) (C) for every j = 1 , • • • , M(fc„). 

Pkn 

■ 

Next we consider a finite of infinite denumerable family of systems: 

Flfo = ((pfo)„>i. Nil, zz), q\f for z = 1, • • • , Nil, n)),l E I 

where / = M or / is finite. As expected, for every / G / it holds ip^n)n>i ^ 
N, pfo —>■ +00 as zz — )■ -l-cxo. Nil, n) E N for every zz G N, qj’’^^ E N for every 
z = 1 , • • • , Nil, zz) and max{gfo\ • • • , —?■ -I-CXD as ZZ —)■ -l-CXD. 

Each system dehnes a new class of functions, namely the class BiA^^^). 
This is done in a similar way to the class BiA^^^) we constructed in Theorem 
[5T1 

We will now show that the class Di^jBiA^^^) is a dense subset of P(ff), 
for I a hnite or an inhnite denumerable set. 

Theorem 5.5. Let / 7 ^ 0 be a finite or infinite denumerable set. We consider 
a family of systems {A^’‘^i^i as above. Then the class Di^jBiA^’'^) is a dense 
subset of P(r2) and every function / G (li^iBiA^^^), fiz) = ’^^Xo'^niz — C)"' 
satishes the following: 


38 




For every compact set iF C C \ with connected complement, for every 
function h G A{K) and for every I G /, there exists a subsequence 
of the sequence {pn'*)n>i such that: 


(1) sup^g^ \S (i) (/,C)(^) - h{z)\ ^ 0, as n ^ +cx). 


(2) sup^gj \ S (i) (/, C)(2:) — f{z)\ ^ 0, as n ^ +oo for every compact set 

Pkn(l) 

j cn. 


Furthermore, for every I G / and for every n G N it holds a (i) 

Pk„(l) 


a ( 1 ) , = 0 for every s = 1, • • • , 

Pk„(i)+^ 



7 ^ 0 and 


Proof. The proof is based on the one of Theorem 15.11 We examine each 
one of the two cases seperately. 


(1) The set I is finite. In this case, without loss of the generality, we 
suppose that it holds / = {1, 2, • • • , A^}, for an index N eN. 

In each step of the proof we repeat the same arguments as we did in 
the one of Theorem 15.11 but this time the specihc argument is used for 
a different sequence. Refer to the following table for details. 



Selection 

Selection • 

Selection 

Sequence 

{Pn^)n>l 

{Pn^)n>l ■ 

\Pn )n>l 

Step 1 

• 

- 

Step 2 

- 

• ... 

Step N 

_ 

... • 

Step iV -|- 1 

• 

- 

Step iV -|- 2 

- 

• ... 

Step 2N 

- 

... • 


The class is proved to be a dense subset of H{il) in the 

same way. In addition, every function / G meets the re¬ 

quirements of Theorem 15.51 in the same way as in Theorem 15.11 
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(2) The set I is infinite dennmerable. In this case, withont loss of the 
generality, we snppose that it holds J = M. 

In each step of the proof we repeat the same argnments as we did in 
the one of Theorem 15.11 bnt this time the specific argnment is used for 
a different sequence. Refer to the following table for details. 


Sequence 

Selection 

{Pn^)n>l 

Selection 

(Pn^)n>l 

Selection 

{Pn^)n>l 

Selection ■ ■ • 

[Pn )n>l 

Step 1 

• 

- 

- 

. . . 

Step 2 

• 

• 

- 

• • * - • • • 

Step N 

• 

• 


• • • • • • • 

Step iV -|- 1 

• 

• 

• 

. . . • • 


The class is proved to be a dense subset of H{il) in the 

same way. In addition, every function / G meets the re¬ 

quirements of Theorem 15.51 in the same way as in Theorem 15.11 


Proposition 5.6. Let / 7 ^ 0 be a finite or infinite denumerable set, {A^^^}i^i 
systems as above, g G ni^iB{A^’'^) and P be a polynomial. Then the function 
g + P & r\i^iB{A^''^). It follows that the class r\i^jB{A^’''^) is a dense subset 
of 

Proof. The proof is obvious according to the definition of the classes 
I G /. 

■ 

We give now the definition of a new class of functions, namely the class 
A!, which is larger than the class A] i.e. A C A!. 

Definition 5.7. Let (pn)neN ^ N with —)■ -|-cxd. For every n G M, let 

,^^{ 71 ) ^ where N{n) G N. Let hi C C be a simply connected 
domain and ^ G hi be a fixed element. Then there exists a holomorphic 
function / G H{Q) with Taylor expansion f{z) = ~ 0 "" such 

that for every polynomial h and for every compact set iF C C \ hi with 
connected complement there exists a subsequence {pk„)neN of the sequence 
(Pn)neN so that the following hold: 
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(i) The Fade approximant exists for every n e M and for 

every selection a : N —)■ N satisfying cr(fc„) G {1, • • • , 

(ii) sup,^K\[f;Pkr./ql%i)\d^) - hd)\ O for every selection a : N ^ N 
satisfying a{kn) G {1, • • • , N{kn)}. 

(iii) snp,^j\[f-,pk^/q^^^ll^]dz) - f{z)\ for every compact set J C n and for 
every selection a : M —)■ N satisfying a{kn) G {1, • • • , 

The class A! is defined as the set of all functions satisfying Definition 15.71 
In addition it holds A!, according to the definition of the class A. 

The main result of this section is that there exists a dense subspace V of 
H(Q) such that V \ {0} C Al. This implies that the class Al is algebraically 
generic in H{Q) and strengthens a result of [2j. 

Theorem 5.8. There exists a dense vector subspace V of H{Q) such that 

1 / \ {0} C A'. 

Proof. Let {Km}m>i and {Lk}k>i be two families of compact subsets 
of C satisfying Lemmas 13.11 and 13.21 respectively. Let also {/*}*>! be an 
enumeration of polynomials with coefficients in Q + iQ. 

Step 1. We consider a function gi G B{A^^'^) so that the following hold: 

(1) Pigiji) < f 

(2) For every m > 1 there exists a subsequence {pd]n)n>i of the se¬ 
quence {pn)n>i such that: 

sup \S ( 1 ) {gi, C)(^) — 0| —)■ 0 as n —)■ -|-cxd. 

Pm,n 


sup IS' ( 1 ) ( 5 - 1 , 0 ( 2 :) - gi{z)\ ^ 0 as n ^ +cx) 

ZGJ 

for every compact J C D. 

So at the end of Step 1 we have constructed infinitely many subse¬ 
quences of the sequence (pn)n>i; the sequences (pm)n)n>i for m > 1. 

Step 2. We consider the system: 

for i = 1, • • • , A^(((l), m),n),m G N. 

According to Theorem 15.51 we yield the following: 

There exists a function g 2 G so that the following hold: 


41 






(1) P{92j2) < i 


( 2^ 

(2) For every m > 1 there exists a subsequence (pm,n)n>i of the se¬ 
quence {pm]n)n>i such that: 

sup \S (2) {g 2 , C)(^) — 0| —)■ 0 as n —)■ -|-cxd. 


sup I S' ( 2 ) {g 2 ,C)iz) - g 2 {z)\ -)■ 0 as n ^ +oo 

z&J 

for every compact J C 

So at the end of Step 2 we have constructed inhnitely many subse¬ 
quences of the sequence (p„)n>i, since for every m > 1 the sequence 

{pm]n)n>l IS a SubseqUeUCe of {pm]n)n>l- 

Step N. We consider the system: 

for i = 1, • • • — l),m),n),m e M. 

According to Theorem 15.51 we yield the following: 

There exists a function g^ € so that the following 

hold: 

( 1 ) p{gN, Jn) < jf- 

(2) For every m > 1 there exists a subsequence {pm,}i)n>i of the se¬ 
quence {pm,n^^)n>i such that: 

sup \S (N) {gisf, C)(2:) — 0| —0 as n ^ -|-cx). 

zeKm 


sup \S (N) {gN,C){z) -gN{z)\ 0 as n -Fcx) 

ZGJ 

for every compact J C 


So at the end of Step N we have constructed inhnitely many subse¬ 
quences of the sequence (pn)n>i, since for every m > 1 the sequence 
{pm,l)n>i is a subsequence of 
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We consider now the linear span < Qn '■ n > 1 > ^ Let ji < ■ ■ ■ < 

js G N and , aj^ G C \ {0}. We set g = + ■ ■ • + Our aim 

is to prove that the function g is a universal Taylor series and belong to the 
class A!. Thus, let iL C C \ O be a compact set with connected complement 
and h G A{K). We consider an index m E N such that K C Km- Since 
gjs G there exists a subsequence (PfcJ^)n>i of the sequence 

{gm,l)n>i such that: 

(1) sup^g^^ l-S o.)(^j,,C)(^) - ^1 ^ 0 as n ^ Too. 

^kn 

(2) sup^gj l-S C)(^) - 9jAz)\ -^Oasn^+oo 

“kn 

for every compact set J CO. 

Since (PfcJ^)n>i is a subsequence of the sequence {gm,l)n>i we obtain that 
for every f < s it holds: 

( 1 ) sup^g^^ \S(js){gjt, C){z) - 0 | ^ 0 as n ^ +cx). 

“kn 

( 2 ) sup^gj 1 ^ o,)(^j„C)(^) - gjt{z)\ ^ 0 as n ^ Too 

"kn 

for every compact set J CO. 

Thus, it follows that: 

( 1 ) 

sup \S (js){gX){z) - h{z)\ = 


= sup \S us){,aj^gj^ + ■ • • + aj^gj^X){.z) - h{z)\ = 


= sup \aj^S(js){,gjmCj{.z) + --- + aj^Sus){gjsX){z)-h{z)\< 
zeKm ‘ 


< sup \aj,S u.){gn, 0 {z)\ + ---+ sup C)(^)| + 

zeKm zeKm 


+ sup \aj^S Us){gj^,C)i.z) - h{z)\ -)■ 0 as n -)■ +cx). 

zeKm 
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(2) sup,^j\S Us){g,C){z) -g{z)\ ^ 0 asn ^ +cx) 
for every compact set J C 

Finally, we notice that for every n > 1 it holds: = 

S„Us)igX)iz) for every i = 1 , ■ ■ ■ N{{js), K). 

Pfen 


Remark 5.9. In the above construction we may have that = 0 for some 
n G N, which would imply that g ^ Dp^, (C) and also that g ^ A. But 
still we have that g G A!. 

Remark 5.10. If qn^ ^ 0 then every function belonging to the class Al has 
some Taylor coefficients equal to zero. It follows that Al is meager in H{Q). 
Since the set of universal Taylor series is dense and Gs in H{fl) it follows 
that the result of Theorem 15.81 can not be deduced from the known results 
about algebraic genericity of the set of universal Taylor series. 
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